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CONSTRAINTS ON DARK ENERGY EQUATION OF STATE
PARAMETERS FROM COSMIC TOPOLOGY
M. J. REBOUC¸AS and A. F. F. TEIXEIRA
Centro Brasileiro de Pesquisas F´ısicas
Rua Dr. Xavier Sigaud 150, 22290-180 Rio de Janeiro – RJ, Brazil
Despite our present-day inability to predict the topology of the universe it is expected
that we should be able to detect it in the near future. A nontrivial detectable topology
of the space section of the universe can be probed for all homogeneous and isotropic uni-
verses through the circles-in-the-sky. We discuss briefly how one can use this observable
attribute to set constraints on the dark energy equation of state parameters.
1. Introduction
In standard cosmology the Universe is described by a 4–manifold M = R ×
M3 endowed with the spatially homogeneous and isotropic Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric. Furthermore, the spatial sections M are often
assumed to be the simply-connected 3–manifolds: Euclidean E3, spherical S3, or hy-
perbolic space H3. However, the majority of constant curvature 3–spaces, M3, are
multiply-connected quotient manifolds of the form R3/Γ, S3/Γ, and H3/Γ, where Γ
is fixed-point free group of isometries (see, e.g., the review Refs. 2 for details). An
important observational consequence of a nontrivial (multiply-connected) observ-
able spatial non-trivial topology1 of M3 is the existence of the circles-in-the-sky,
3
i.e. pairs of matching circles with the same distribution of temperature fluctuations,
identified by Γ. Hence, to observationally probe a putative non-trivial topology of
M3, one ought to extract the pairs of correlated circles from full-sky CMBR maps.
Here we complement concisely our previous works4 by showing how a possible
detection of a pair of circles-in-the-sky can be used to set constraints on the dark
energy equation of state (EOS) parameters in globally homogeneous universes.
2. Topological Constraints on EOS parameters
To show how a possible detection of a nontrivial spatial topology of globally homo-
geneous universes can be used to place constraints on the dark energy equation of
state, we begin by recalling that in these spaces the pairs of correlated circles are
antipodal, as shown in Figure 1.a
aRecent searches restricted to antipodal or nearly antipodal (deviation from antipodicity θ ≤ 10◦)
circles and with radii α & 18◦ have been undertaken without success.5,6 Thus, there is a range of
radii (α . 18◦) that was not covered by these searches. See also Refs. 7 for discussions about the
negative outcome of these searches.
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Fig. 1. A pair of antipodal circle in globally homogeneous universes with a nontrivial topology.
Since there are no Clifford translations in the hyperbolic geometry, there are no
globally homogeneous hyperbolic manifolds. Thus, for the sake of brevity we focus
on the globally homogeneous spherical manifolds (Ref. 8 contains a discussion of
the flat case) In this case a straightforward use of trigonometric relations for the
right-angled spherical triangle shown in Fig. 1 yields
χobslss = tan
−1
[
tan rinj
cosα
]
, (1)
where rinj is a topological invariant, whose values are known for all globally ho-
mogeneous spherical spaces (see Table I of Ref. 8), and the distance χobslss is the
comoving distance to the last scattering surface (LSS) in units of the present-day
curvature radius, a0 = a(t0) = (H0
√
|1− Ωtot| )
−1 (k 6= 0).
Now, a circles-in-the-sky detection means a measurement of a value for the radius
α with an unavoidable observational uncertainty σα. These observational data along
with Eq. (1) and the usual error propagation formula, give the observational distance
χobslss to the LSS and the associated uncertainty σχlss .
On the theoretical side, the comoving distance to the last scattering surface in
units of the curvature radius is given by
χthlss =
dlss
a0
=
√
|Ωk|
∫ 1+zlss
1
H0
H(x)
dx , (2)
where dlss is the radius of the LSS, x = 1 + z is an integration variable, H is the
Hubble parameter, Ωk = 1 − Ωtot is the curvature density parameter, and zlss ≃
1089. Clearly, different parametrizations of the equation of state ωx = px/ρx give
rise to different Friedmann equations, i.e., different ratios H(z)/H0 . As an example,
assuming that the current matter content of the Universe is well approximated
by a dust of density ρm (baryonic plus dark matter) along with a dark energy
perfect fluid component of density ρx and pressure px, for the parametrization
ωx = ω0 + ω1 z/(1 + z) (see Refs. 9) the Friedmann equation takes the form(
H
H0
)2
= Ωm0(1 + z)
3 +Ωk0(1 + z)
2 +Ωx0(1 + z)
3(ω0+ω1+1) exp(−
3ω1z
1 + z
) . (3)
By comparing the observational topological value χobslss for a given topology with
the theoretical values χthlss for any dark energy equation of state parametrization
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one can set constraints on the dark energy equation of state parameters. In this way,
the constraints from a detectable spatial topology are taken into account in a χ2
statistical analysis of any parameter plane (as ω1 − Ωk and ω0 − ω1, for example)
by adding a term of the form
χ2top =
(
χobslss − χ
th
lss
σχlss
)2
(4)
to the remaining χ2 terms that account for other observational data sets. A concrete
application of this procedure can be found in Ref. 10.
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